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X and Y O p e r a t o r s  f o r  G e n e r a l  
L i n e a r  T r a n s p o r t  P r o c e s s e s  
J. C a s t i  
1. I n t r o d u c t i o n  
A c e n t r a l  problem of  a t m o s p h e r i c  p h y s i c s  i s  t h e  d e t e r m i n a -  
t i o n  of  r a d i a t i o n  f i e l d s  unde r  v a r i o u s  c i r c u m s t a n c e s .  Of s p e c i a l  
i mpo r t ance  a r e  t h e  i n t e n s i t i e s  o f  s o l a r  r a d i a t i o n  t r a n s m i t t e d  
t h r o u g h  t h e  e a r t h ' s  a tmosphere  and t h e  amount of r a d i a t i o n  re- 
f l e c t e d  o u t  t h e  t o p .  I t  c a n  be  shown t h a t ,  unde r  t h e  h y p o t h e s i s  
t h a t  t h e  a tmosphere  may be  r e g a r d e d  a s  a  p l a n e - p a r a l l e l  s l a b ,  
most  of t h e  q u a n t i t i e s  o f  p h y s i c a l  i n t e r e s t  may be c a l c u l a t e d  
i n  t e r m s  o f  t h e  r e f l e c t e d ,  t r a n s m i t t e d ,  and i n t e r n a l  i n t e n s i t i e s .  
The b a s i c  e q u a t i o n  d e s c r i b i n g  t h e  i n t e n s i t i e s  i s  t h e  so-  
c a l l e d  " t r a n s p o r t "  e q u a t i o n ,  which  i s  a  l i n e a r  two-poin t  bound- 
a r y  v a l u e  problem. Beg inn ing  w i t h  t h e  work of Ambartsumian [l] 
and c o n t i n u e d  by Chandrasekhar  [4] , Sobolev  [7] , Bellman and 
Kalaba ,  e t  a1 .  [2] , new "imbedding" t y p e  i n i t i a l  v a l u e  e q u a t i o n s  
have  been deve loped  f o r  c a l c u l a t i n g  t h e  b a s i c  q u a n t i t i e s .  Of 
s p e c i a l  n o t e  i n  t h i s  r e g a r d  i s  t h e  c o n t r i b u t i o n  of  Chandrasekhar  
who showed t h a t ,  under  s p e c i a l  c i r c u m s t a n c e s ,  t h e  b a s i c  o p e r a t o r -  
R i c c a t i  e q u a t i o n  a s s o c i a t e d  w i t h  t h e  compu ta t i on  c o u l d  b e  re- 
p l a c e d  by two v e c t o r  f u n c t i o n s ,  now c a l l e d  t h e  Chandrasekhar  
X-Y f u n c t i o n s .  T h i s  o b s e r v a t i o n  n o t  o n l y  s hed  new l i g h t  on t h e  
s t r u c t u r e  of  t h e  p h y s i c a l  p r o c e s s ,  b u t  a l s o  r e s u l t e d  i n  a  s i g -  
n i f i c a n t  r e d u c t i o n  i n  t h e  computing burden  n e c e s s a r y  t o  o b t a i n  
t h e  r e l e v a n t  q u a n t i t i e s .  
The purpose  of  t h i s  r e p o r t  i s  t o  d e t a i l  t h e  most g e n e r a l  
s i t u a t i o n  i n  which t h e  X-Y-type of r e d u c t i o n  may be expec t ed  t o  
occu r  and t o  g i v e  t h e  a p p r o p r i a t e  e q u a t i o n s .  A g e n e r a l i z a t i o n  
of t h e  u s u a l  a l g e b r a i c  formula  r e l a t i n g  t h e  X-Y f u n c t i o n s  t o  t h e  
r e f l e c t i o n  f u n c t i o n  i s  a l s o  g i v e n ,  t o g e t h e r  w i t h  a  t r e a t m e n t  of 
t h e  c a s e  where t h e  atmosphere may be s e m i - i n f i n i t e  i n  e x t e n t .  
These r e s u l t s  may prove  u s e f u l  t o  s e v e r a l  IIASA s t u d i e s ,  n o t a b l y  
t h e  c l i m a t o l o g y  work of t h e  Energy p r o j e c t  and t h e  a s s o c i a t e d  
work i n  t h e  Ecology group.  
2 .  Problem S ta t emen t  
We c o n s i d e r  t h e  p l a n e  p a r a l l e l  s l a b  II ( a , r )  , r > a ,  having  
bounda r i e s  z  = a  and z = r .  The d i s t r i b u t i o n  of r a d i a t i o n  
i n  t h e  d i r e c t i o n  of i n c r e a s i n g  and d e c r e a s i n g  z  i s  r e p r e s e n t e d  
by I' ( z )  , r e s p e c t i v e l y .  These q u a n t i t i e s  t a k e  i n t o  a c c o u n t  
f r equency ,  d e g r e e  of p o l a r i z a t i o n ,  d i r e c t i o n ,  and s o  f o r t h .  
+ 
Thus, 1 - ( z )  t a k e  on v a l u e s  i n  a  r ep roduc ing  cone  K of non- 
n e g a t i v e  f u n c t i o n s  i n  a  s u i t a b l e  s e p a r a b l e  Banach space  B.  
To each  sub-slab n ( z ,  z '  ) , ( z ,  z '  ) C ( a , r )  , t h e r e  a r e  a s s o c i a t e d  
r e f l e c t i o n  o p e r a t o r s  R' ( z ,  z' ) and t r a n s m i s s i o n  o p e r a t o r s  Q' ( 2 ,  z '  ) , 
which assume v a l u e s  from t h e  Banach a l g e b r a  -49 of  bounded l i n e a r  
o p e r a t o r s  a c t i n g  i n  B .  The s i g n s  of  t r e f e r  t o  i l l u m i n a t i o n  of  
t h e  sub-s lab  from t h e  l e f t  and r i g h t ,  r e s p e c t i v e l y  ( s e e  F i g u r e  1) . 
F i g u r e  1. P l a n e - P a r a l l e l  S l a b .  
I n  t h e  medium, we assume ( I Q' + R' I ( 5 1 ( n o  f i s s i o n )  and 
Q ' ( z , z ' ) + I ,  R ' ( z , z ' ) + O  f o r  z ' - z  + 0 .  W e  a l s o  assume t h e  
e x i s t e n c e  o f  t h e  l i m i t s  
T' ( z )  5 l i m  I - ~ + ( z , z ' )  , 
z ' + z  + 0 Z - Z '  
I n  g e n e r a l ,  T', Z' a r e  n o n - n e g a t i v e  o p e r a t o r s .  F o r  a n  homo- 
geneous  medium, T', Zx a r e  i n d e p e n d e n t  o f  z ,  w h i l e  f o r  a  
+ + 
l o c a l l y  i s o t r o p i c  medium T = T- and  Z = Z-. 
+ On t h e  medium n ( a , r ) ,  l e t  t h e  f l o w  I O  b e  i n c i d e n t  from 
t h e  l e f t .  Then c o n s i d e r a t i o n  o f  t h e  r e g i m e s  on t h e  b o u n d a r i e s  
o f  t h e  s u b - s l a b  TI ( z , z l )  shows t h a t  1.- ( z )  s a t i s f y  t h e  
equations [j] : 
I n  concre te  t r a n s f e r  problems, t h e  o p e r a t o r s  ~ ' ( z ) ,  
+ 
Z-(z)  a r e  known and we a r e  i n t e r e s t e d  i n  methods f o r  d e t e r -  
+ + 
mining R-  and Q-. 
3. R e f l e c t i o n ,  Transmission,  and X-Y Operators  
Cons ide ra t ion  of Figure  1 shows t h a t  f o r  z '  = r ,  we have 
S u b s t i t u t i o n  of (3 )  i n t o  ( 2 )  l e a d s  t o  t h e  Cauchy problem fo r  
t h e  opera to r  R: 
Knowledge of R(z )  a l lows us  t o  s imul taneously  s o l v e  a  
family  of  d i f f e r e n t  problems wi th  d i f f e r e n t  va lues  of a .  We 
+ determine I ( z )  from t h e  Cauchy problem 
whi le  I- ( z )  i s  determined from (3 )  . 
Since t h e  p ioneer ing work of Chandrasekhar [ 4 ]  and 
Ambartsumian [I], it i s  w e l l  known t h a t ,  i n  some c a s e s ,  t h e  
s o l u t i o n s  t o  t h e  o p e r a t o r  R i c c a t i  equa t ion  ( 4 )  may be expressed 
by an a l g e b r a i c  combination of lower-dimensional operator:;,  t h e  
so -ca l l ed  X and Y o p e r a t o r s .  Our main r e s u l t  shows when t h i s  
may be expected.  
Theorem 1. Assume t h e  medium i s  homogeneous, i . e .  
T', Z' a r e  independent of z. F u r t h e r ,  assume 
i) dim range Z- = p  < m 
+ ii) dim range Z = q  < m 
and t h a t  Z' a r e  f a c t o r e d  a s  Z-  = MN, Z +  = UV, where dim range 
N = p  = dim domain M I  dim range V = q  = dim domain V. Then 
R admits t h e  a l g e b r a i c  r e p r e s e n t a t i o n  
where Y1, Y 2 ,  X I ,  X 2  s a t i s f y  t h e  equa t ions  
Proof :  We follow t h e  proof of [3] which was given f o r  
a  s p e c i a l  case  of Eq. ( 4 )  . D i f f e r e n t i a t e  Eq. ( 4 )  with  r e s p e c t  
t o  z .  This  y i e l d s  t h e  fo l lowing homogeneous equa t ion  f o r  t h e  
dR 
o p e r a t o r  -: d  z  
Making t h e  d e f i n i t i o n s  Xl(z)  = R U ,  X2(z)  = V R ,  and us ing  t h e  
r e p r e s e n t a t i o n  
where  
The t heo rem f o l l o w s  w i t h  Y1 = aM, Y 2  = N B .  
Remarks : 
+ - i) For  a n  i s o t r o p i c a l l y  s c a t t e r i n g  medium, Z = Z and 
- 
T+ = T  , w i t h  Ti b e i n g  s e l f - a d j o i n t .  Thus,  Y1 = Y2*, X1 = X2*, 
and t h e  u s u a l  s i t u a t i o n  of  a  s i n g l e  X and a  s i n g l e  Y o p e r a t o r  
i s  r e c o v e r e d :  
i i )  For  s l a b s  w i t h  a  r e f l e c t i n g  s u r f a c e  a t  z = r ,  t h e  
R i c c a t i  e q u a t i o n  ( 4 )  h a s  a  non-zero  i n i t i a l  c o n d i t i o n  a t  z = r ,  
s a y  R ( r )  = F. I f  F  i s  i n d e p e n d e n t  o f  z ,  t h e  f o r e g o i n g  a rguments  
c a r r y  t h r o u g h ,  r e p l a c i n g ' a s s u m p t i o n  i) of t h e  Theorem by i ' )  
+ + dim r a n g e  - ( z -  - T-F - FT + FZ F )  < p  m . For  a  s p e c i f i c  
a p p l i c a t i o n  o f  t h i s  c a s e  t o  an  a tmosphere  bounded by a  Lambert 
law r e f  l e c t o r ,  see [ 6 ]  . 
iii) t h e  f i n i t e n e s s  o f  p  and q i s  n o t  e s s e n t i a l .  A l l  t h a t  
+ is r e q u i r e d  i s  t h a t  Z and Z -  p r o j e c t  i n t o  lower  d i m e n s i o n a l  
s u b s p a c e s  o f  B.  However, f o r  c o m p u t a t i o n a l  c o n s i d e r a t i o n s ,  
t h e  f i n i t e  c a s e  i s  t h e  mos t  a p p r o p r i a t e .  
4. S e m i - I n f i n i t e  Media 
We now t r e a t  t h e  c a s e  of  a s e m i - i n f i n i t e  media. I n  o r d e r  
t o  d e r i v e  a n  e q u a t i o n  f o r  t h e  o p e r a t o r s  x1 ( - m )  , x2 (-a) we 
u t i l i z e  t h e  fo l lowing  lemma: 
Lemma 1. Let  P,A,Q be bounded l i n e a r  o p e r a t o r s  of  B t o  
B. Then 
where a :  L ( B , B ) + $  (dim ') ' i s  t h e  o p e r a t o r  o f  " s t a c k i n g "  
t h e  "columns" of  a n  e lement  of  L (B ,B) ,  and B is  t h e  u s u a l  t e n s o r  
p roduc t  of  two o p e r a t o r s .  
P roo f .  Using t h e  s e p a r a b i l i t y  o f  B ,  t h e  proof fo l lows  by 
a coord ina t e -wi se  comparison o f  t h e  l e f t  and r i g h t  s i d e s  of  ( 6 ) .  
The r e s u l t  which g e n e r a l i z e s  t h e  Chandrasekhar H-equation 
f o r  t h e  s e m i - i n f i n i t e  medium i s  
Theorem 2. Le t  X ( -m)  = H X (-a) = H 2 .    hen H1 and H2_ 1--1L3 
s a t i s f y  t h e  e q u a t i o n s  
P roof .  From t h e  R i c c a t i  e q u a t i o n  ( 4 )  , we have 
Applying a t o  both  s i d e s  of  t h i s  e q u a t i o n  and u s i n g  t h e  r e s u l t s  
t h e  theorem e a s i l y  fo l lows.  
Remarks: ( i )  Theorem 2 assumes t h a t  X i  + u j  $ 0, where 
{Xi] a r e  t h e  c h a r a c t e r i s t i c  r o o t s  of T- and Cu.1  a r e  t h e  r o o t s  3 
of ( T + ) * ;  (ii) i n  both Theorems 1 and 2 ,  cons ide rab le  s impl i -  
- * 
f i c a t i o n  occurs  i f  Z-  and Z+ a r e  s e l f - a d j o i n t ,  whi le  T+ = T  
s i n c e  i n  t h i s  c a s e  X1 =. X2*, Y1 = Y2*, and H1 = H2*. This  i s  
t h e  s i t u a t i o n  which p r e v a i l s  i n  t h e  c l a s s i c a l  p l a n e - p a r a l l e l ,  
i s o t r o p i c  s c a t t e r i n g ,  homogeneous case .  
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